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Homework 13

The homeworks are due on the Thursday of the week after the assignment was posted
online1. Please hand in your homework at the beginning of the tutorial or bring it to the
lecture on Thursday morning. You can work on and submit your homework in groups of
two. Please staple your pages and write your names and matriculation numbers on the first
page.

Problem 37 (20 pts.)

Chasing Definitions...
Let K = Q( 3

√
2) and let X = Hom(K ,C) = {σ1, σ2, σ3}, where we suppose that σ1(

3
√

2) =
3
√

2 ∈ R.

1. Work out all the definitions we discussed in class for C,R,R±,R
×
+, and H as explicit

as possible in this case.

2. We equipped R with the inner product 〈 ·, · 〉 in class. Explicitly write down an isometry
to R3 with an appropriate inner product ( ·, · ) on R3.

3. Recall that the ring of integers OK = Z[ 3
√

2] (you can use this without proof) defines
a lattice in R via x 7→ (σ1(x ), σ2(x ), σ3(x )), for which we also just write OK . Work
out the image of this map in R3 under the identification above and then explicitly
write out the theta function

θ(OK , τ) =
∑

a∈OK

e
πi〈a τ

|dK |
1/3

,a〉

in this case (along the lines of what we did in class for an imaginary quadratic field).

Note: Choose a basis of OK , e.g. 1, 3
√

2, 3
√

2
2

and figure out the image under K →
R → R3. Then rewrite the sum as a sum over (n1,n2,n3) ∈ Z3 and write out the
inner product in the exponent explicitly in terms of (n1,n2,n3). You can use without
proof that dK = −108.

4. In this case, can you explicitly work out the function f (t) that we defined in class,
which statisfies

ZK (2s) = L(f , s),

where ZK (2s) is the completed Dedekind Zeta function.

You can use the following facts without proof: 1) Dirichlet’s unit theorem states that
in this case

O×K = {±1} × {εn | n ∈ Z},

where ε = 3
√

2 − 1 is a fundamental unit. 2) The class number of K is hK = 1 and
hence ζK (s) = ζ(A, s) for A = [OK ], the class of the ring of integers.

1This assignment is due Thursday, 23.01.20.
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Problem 38 (10 pts.)

Now let C and R be as defined in class for any finite set X with an involution σ 7→ σ̄ for
σ ∈ X .

1. Show that the Fourier transform (normalized as in class) of

f (x ) = f (a, b, x ) = e−π〈a+x ,a+x〉+2πi〈b,x〉

with respect to x ∈ R equals

f̂ (y) = e2πi〈a,b〉f (−b, a, y).

2. For t ∈ R×+, a, b ∈ R and α := at , β := bt−1, we let

f (x ) = ϕt(a, b, x ) = f (α, β, tx ).

where f = f0 is defined as in 1. Show that

f̂ (y) =
1

N (t)e2πi〈a,b〉ϕt−1(−β, α, y),

which was left to show the theta transformation law in class (for p = 0 for simplicity).
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