Strongly generated Banach spaces and measures of non-compactness

M. Kunze^1 & G. Schlüchtermann^2

1 Mathematisches Institut der Universität Köln Weyertal 86, D - 50931 Köln, Germany 2 Mathematisches Institut, Universität München Theresienstr. 39, D - 80333 München, Germany

Abstract To generalize the Hausdorff measure of noncompactness to other classes of bounded sets (like e.g. conditionally weakly compact or Asplund sets), we introduce Grothendieck classes. We deduce integral inequalities for quantities (called Grothendieck measures) related to these classes. As a by-product, we can answer a question concerning the measure of noncompactness for linear T : X ! Y introduced by [14], and generalize a theorem about weak solutions of differential equations in Banach spaces.

1 Introduction

In [14], Lebow and Schechter defined

c(T ) = inf{‖T |_Z ‖ : Z is a subspace of X with codimZ < ∞} (1)

for T ∈ L(X,Y ), where X and Y are Banach spaces, and proved that c(T ) = 0 if and only if T is a compact operator.

This quantity was used in [26] to investigate the essential spectral radius of a perturbed semigroup, which is useful in describing its large-time behaviour. For his approach, Weis needed the integral inequality c (∫ Ω U(ω)μ(dω) ) ≤ ∫ Ω c(U(ω))μ(dω), (2) for an operator-valued U : Ω → L(X,Y ), whose proof contained a gap, as shown by Voigt, cf. [24, Remark 1.1]. Despite this lack (and a measurability problem of ω → c(U(ω)), cf. Example 2 below), and the fact, that the main result on the essential spectral radius of a perturbed semigroup was independently proven by Voigt in [25] and Schlüchtermann in [21], the correctness of the above inequality has been unknown and was one main motivation for this paper.

It turned out that integral inequalities related to (2) may be obtained in an essentially more general setting, and also for other quantities which measure how far away a set is from having a certain property, e.g. like being conditionally weakly compact or Asplund. For this purpose, in Section 2 we introduce the so-called Grothendieck classes and corresponding Grothendieck measures. In fact, it turns out that an integral inequality like (2) holds for all such measures, provided the underlying Banach space is “strongly generated”, a concept which generalizes the strongly W CG-spaces from [22].

In Section 3 we will show in particular, that (2) is true in general, provided one inserts a constant on the right-hand side (which does not affect the application to semigroups) and uses the upper integral. In addition, this gives a simple proof to a result of Voigt (cf. [24]), saying that the strong integral of a compact operator-valued strongly measurable function is again compact. As an other application, we obtain an extension of a theorem of Papageorgiou (cf. [17]) concerning weak solutions of differential equations in Banach spaces.

Finally, in Section 4 we return to the investigation of Grothendieck-generated Banach spaces in the cases of weakly compact, Asplund or conditionally compact generators. We will give a complete characterization of these spaces in terms of operator factorization and locally convex topologies on the dual unit ball.

2 Grothendieck classes, strongly generated Banach spaces and Grothendieck measures

Throughout this paper, X will be a real Banach space with dual X^∗, closed unit ball B(X) and unit sphere S(X). Moreover, B(X) will denote the set of all bounded subsets of X. If Y is another Banach space, then L(X,Y ) are the linear and bounded operators from X to Y . Finally, (Ω,Σ,μ) will denote a finite positive measure space, and U : Ω → L(X,Y ) will be called strongly measurable, if U(·)(x) : Ω → Y is μ-measurable for every x ∈ X.

We shall start by introducing the basic object of our further studies, namely Grothendieck classes.

Definition 1 A subset ∅ ≠ G(X) ⊂ B(X) is called a Grothendieck class if it satisfies the following conditions: (a) If λ ∈ IR and G,H ∈ G(X), then λG,G+H,G∪H,aco(G) ∈ G(X). (b) If H ∈ G(X) and G ⊂ H, then G ∈ G(X).

(c) Let G ∈ B(X). Then G ∈ G(X) iff there exists a sequence (G_n)_{n∈IN} ⊂ G(X) such that G ⊂ ⋂ n∈IN (G_n + 1 n B(X)). There are several Grothendieck classes besides B(X) itself.

Example 1 The following are Grothendieck classes:

(a) the relatively compact sets K(X);

(b) the relatively weakly compact sets W(X), by the Krein-Šmulian theorem and the classical Grothendieck criterion;

(c) the Banach-Saks sets BS(X); recall that a bounded set B ⊂ X is called a Banach-Saks set, if for every sequence (x_n) in B there is a subsequence (x_{nj} ) such that (^1_m ∑m j=1 x_{nj} ) converges in norm;

(d) the Asplund sets A(X); cf. [7, Lemma 5.3.4].

(e) the conditionally weakly compact sets CW(X); a bounded B ⊂ X is called conditionally weakly compact, if every sequence in B admitts a weak Cauchy subsequence.

In some Banach spaces, Grothendieck classes are - in some sense - determined by a certain G_0 ∈ G(X). This will also play an important rôle in the sequel.

Definition 2 Let X be a Banach space and G(X) a Grothendieck class. X is called strongly G(X)-generated, if there exists a G_0 ∈ G(X) such that for all G ∈ G(X) and ε > 0 there is an m = m(G,ε) ∈ IN with G ⊂ mG_0 +εB(X).

G_0 is called a generating set and may be assumed to be absolutely convex, by definition of a Grothendieck class.

As an example, let us consider the case G(X) = K(X). Lemma 1 X is strongly K(X)-generated if and only if it is separable. Proof : For the if-part let (x_n) ⊂ B(X) be dense and G_0 = aco{ x_n n : n ∈ IN}. Then G_0 is compact and a generating set. On the other hand, given a generating set G_0, it follows that X = spanG_0. Hence X is separable since G_0 is separable as a relatively compact set. 2 For strongly G(X)-generated Banach spaces X with G(X) = W(X),G(X) = A(X), or G(X) = CW(X), examples and characterizations are given in Section 4. Then X will be called SW CG, SAG, or SCW G, respectively.

The next concept to be introduced is a quantity γ(A) which measures how far from being in G(X) a set A is.

Definition 3 Let G(X) be a Grothendieck class. Then γ : B(X) −→ [0,∞), A −→ inf{r > 0 : A ⊂ G+rB(X) for some G ∈ G(X)} is called the Grothendieck measure.

Sometimes it is useful to extend γ to 2^X by defining γ(A) = ∞ for unbounded A ⊂ X. Elementary properties of γ may be found in Lemma 2 Let λ ∈ IR and A,B ∈ B(X). Then (a) γ({0}) = 0 and γ(B(X)) ≤ 1; (b) γ(A) = γ(A);

(c) γ(λA) = |λ|γ(A) and γ(A+B) ≤ γ(A)+γ(B); (d) γ(A∪B) = max{γ(A),γ(B)} and γ(acoA) = γ(A); (e) A ∈ G(X) iff γ(A) = 0.

Proof : All assertions follow from the definition of γ and the properties of G(X). For (b) note that G+rB(X) ⊂ G+(r +ε)B(X) for r,ε > 0. 2 Let us consider some special cases.

Remark 1 (a) For G(X) = K(X), γ is known as the Hausdorff measure of noncompactness and called β, cf. standard references like [28] and [8], or [1]. It was shown in [14], that β is related to c, cf. (1), as follows: c(T ) ≤ β(T (B(X)) ≤ 2c(T ). Note that formally c(·) depends on X and Y . But if Y_0 ⊂ Y is a subspace and T ∈ L(X,Y_0), then c_Y0(T ) = c_Y (T ); a subscript of c will be used only to emphasize the range space of the operator T under consideration.

(b) γ = γ_w is called the measure of weak noncompactness if G(X) = W(X). This example also shows that γ(B(X)) = 0 is possible in Lemma 2(a) what happens if and only if X is reflexive, by Lemma 2(e); cf. also [6].

The following theorem provides us with an integral inequality for γ in the case that X is strongly G(X)-generated.

Theorem 1 Let X be strongly G(X)-generated and γ the corresponding Grothendieck measure. Let (f_n)_{n∈IN} ⊂ L_1(μ,X) be bounded and uniformly integrable. Then the function φ : Ω → [0,∞], ω → γ({f_n(ω) : n ∈ IN}) is measurable and γ ({∫ Ω f_n(ω)μ(dω) : n ∈ IN }) ≤ ∫ Ω γ({f_n(ω) : n ∈ IN})μ(dω). Proof : Let G_0 ∈ G(X) be generating. Then {φ < t} = ⋃ s∈[0,t)∩Q ⋃ m∈IN ⋂ n∈IN {f_n ∈ mG_0 +sB(X)} for t > 0 by definition of a generating set. Hence φ is measurable.

To prove the claimed estimate, let us first consider the special case that S = sup_{n∈IN} ‖f_n‖_∞ < ∞. Define H(ω) = {f_n(ω) : n ∈ IN} ⊂ X and h(ω) = sup_{n∈IN}|f_n(ω)| ∈ [0,∞]

for ω ∈ Ω. Then ∫ Ω h(ω)μ(dω) ≤ S μ(Ω) < ∞. Furthermore, since G_0 is a generating set, all measures φ(ω) = γ(H(ω)) are determined (up to arbitrary small ε > 0) by the ω-independent countable system E = {A_{m,s} : m ∈ IN,s ∈ Q} with A_{m,s} = mG_0 +sB(X). To be more precise, let ε > 0 and ω ∈ Ω be given. According to the definition of γ we find G ∈ G(X) such that H(ω) ⊂ G+ε_1 B(X), where ε_1 = γ(H(ω))+ε/2. Choose ε_2 ∈ (0,ε/2] with s = ε_1 +ε_2 ∈ Q. Then G ⊂ mG_0 +ε_2 B(X) for some m ∈ IN, hence H(ω) ⊂ A_{m,s} as well as γ(A_{m,s}) ≤ s ≤ γ(H(ω))+ε. Therefore we have shown that (3.1) and a condition analogous to (CC) from [11, Theorem 3.1] are satisfied. Now note that the proof of this theorem does not rely on special properties of the Kuratowski or the Hausdorff measure of noncompactness (only γ(A+B) ≤ γ(A)+γ(B) and γ(coA) = γ(A) are used). Hence, by writing E = {V_k : k ∈ IN}, we can define R_0(ω) = h(ω),

R_k(ω) = { γ(V_k) if H(ω) ⊂ V_k ∞ otherwise and r^k(ω) = min0≤i≤k R^i(ω)

for ω ∈ Ω and k ∈ IN to copy the proof from [11] word for word.

Suppose now that the f_n are only uniformly integrable, and let ε > 0 be given. Then we find δ > 0 such that sup_{n∈IN} ∫ A |f_n|dμ ≤ ε for all A ∈ Σ with μ(A) ≤ δ. Since (f_n) ⊂ L_1(μ,X) is

bounded, there is a K > 0 with μ({|f_n| > K}) ≤ δ for n ∈ IN. Consequently, ∫ Ω f_ndμ ∈ ∫ Ω g_ndμ+εB(X), where g_n = f_n 1_{{|fn|≤K}} . Because the first part may be applied to (g_n), the claimed estimate follows from {g_n(ω) : n ∈ IN} ⊂ {0}∪{f_n(ω) : n ∈ IN}. 2 3 Integral inequalities in special cases

In this section we shall investigate some special cases and variants on Theorem 1 in greater detail. Our first objective is to prove formula (2) from the introduction.

If G(X) = K(X), then Lemma 1 and Remark 1(a) together with Theorem 1 imply

Corollary 1 Let X be separable and (f_n)_{n∈IN} ⊂ L_1(μ,X) bounded and uniformly integrable. Then β ({∫ Ω f_n(ω)μ(dω) : n ∈ IN }) ≤ ∫ Ω β({f_n(ω) : n ∈ IN})μ(dω). Corollary 1 is (slightly) more general than [16, Proposition 3] or [11, Corollary 3.1(a)].

We shall see below how this may be used for operator-valued functions U : Ω → L(X,Y ).

Since we want to show (2), we first have to worry about the measurability of ω → c(U(ω)). In fact, we have

Example 2 Let (Ω,Σ,μ) be the Lebesgue space with Ω = [0,1]. Choose a non-measurable I ⊂ [0,1] and define Γ = I ×IN as well as X = ℓ_1(Γ). Then, for every infinite-dimensional Banach space Y , there is a strongly measurable U : Ω → L(X,Y ) such that ω → c(U(ω)) is not measurable.

Proof : For (s,n) ∈ Γ let e_{(s,n)} denote the corresponding unit vector in X. Choose a sequence (y_n) ⊂ S(Y ) such that ‖y_n −y_m‖ ≥ 1 for n ≠ m and define U(t)(e_{(s,n)}) = δ_{t,s} y_n for t,s ∈ Ω and n ∈ IN, with Kronecker’s δ. Then U : Ω → L(X,Y ) is strongly measurable, since U(·)(e_{(s,n)}) = 0 a.e. in Ω for every (s,n) ∈ Γ, hence U(·)(x) = 0 a.e. in Ω for every x ∈ X by definition of l_1(Γ). Moreover, U(t) = 0 whenever t ∉ I, and therefore c(U(t)) = 0 for such t. On the other hand, if t ∈ I, then {y_n : n ∈ IN} ⊂ U(t)(B(X)). Consequently, by Remark 1(a) we obtain 2c(U(t)) ≥ β({y_n : n ∈ IN}) ≥ 1/2. Hence c(U(t)) ≥ 1/4 for t ∈ I. Thus, since I is not measurable, c(U(·)) is not measurable, too. 2

The situation is more favourable in the case that X^∗ is separable.

Lemma 3 Let X^∗ be separable and U : Ω → L(X,Y ) strongly measurable and bounded. Then ω → c(U(ω)) is measurable.

Proof : By [14, Proposition 3.4] we have for T ∈ L(X,Y ) c(T ) = inf sup{‖T (x)‖ : ‖x‖ = 1,|⟨x,z^∗_i ⟩| < ϵ}, where the infimum is taken over all finite collections z^∗_1 ,...,z^∗_l ∈ B(X^∗) and ϵ > 0. Choose (x^∗_n)_{n∈IN} ⊂ B(X^∗) dense and let W_{k,N} = {x ∈ X : |⟨x,x^∗_i ⟩| < k^{−1} for i ∈ N} for all k ∈ IN and finite N ⊂ IN. Then c(T ) = inf_{(k,N)} sup{‖T (x)‖ : ‖x‖ = 1,x ∈ W_{k,N} }, (3) because (x^∗_n)_{n∈IN} ⊂ B(X^∗) is dense. Since X is also separable, ω → sup{‖U(ω)(x)‖ : ‖x‖ = 1,x ∈ W_{k,N} } is measurable for a strongly measurable and bounded U : Ω → L(X,Y ). Hence the claim follows from (3), since the infimum is a countable one. 2

Nevertheless, Lemma 2 shows that in general the right-hand side of (2) has to be considered as an upper integral; recall the following

Definition 4 Let f : Ω → IR be bounded (but not necessarily measurable). Then the upper integral of f is ∫ Ω f(ω)μ(dω) = inf {∫ Ω g(ω)μ(dω) : g ∈ L_1(μ), g(ω) ≥ f(ω) in Ω } . To prepare for the next lemma, we shall introduce a further class of Banach spaces.

Definition 5 A Banach space X has property S if for all separable subspaces X_0 ⊂ X there exist a separable subspace Z of X with X_0 ⊂ Z and a projection P : X → Z of norm 1.

In particular, WCG Banach spaces have property S; cf. [2]. We shall also need some estimates for β and β restricted to subspaces; here we let β_X0(A) = inf{r > 0 : A ⊂ K +rB(X_0) for some compact K ⊂ X_0}, if X_0 is a subspace of X and A ⊂ X_0 is bounded.

Lemma 4 The following assertions hold:

(a) β(A) ≤ 2sup_A0_{⊂A} β(A_0) for bounded A ⊂ X, where the “sup”is taken over all countable subsets A_0 of A;

(b) β(A) ≤ β_X0(A) ≤ 2β(A) for bounded A ⊂ X_0;

(c) if X has property S, X_0 ⊂ X is a separable subspace, and Z is choosen according to the definition of property S, then β_Z(A) = β(A) for bounded A ⊂ Z.

Proof : (a) Let r = β(A) > 0 and ε ∈ (0,r) be given. For fixed x_1 ∈ A we find an x_2 ∈ A such that ‖x_2 −x_1‖ > r −ε, and inductively a sequence (x_n) with ‖x_n −x_m‖ > r −ε for n ≠ m. Hence, defining A_1 = {x_n : n ∈ IN} we obtain 2sup_A0_{⊂A} β(A_0) ≥ 2β(A_1) ≥ r −ε. This shows (a), and (b) resp. (c) are equation (4) resp. Proposition 2 (iii) from [16]. 2 Now we can prove Theorem 2 Let U : Ω → L(X,Y ) be strongly measurable and bounded. (a) If X^∗ is separable, then c (∫ Ω U(ω)μ(dω) ) ≤ ∫ Ω c(U(ω))μ(dω). (b) If X is separable, then c (∫ Ω U(ω)μ(dω) ) ≤ 2 · ∫ Ω c(U(ω))μ(dω). (c) If X and Y are arbitrary, then c (∫ Ω U(ω)μ(dω) ) ≤ 4 · ∫ Ω c(U(ω))μ(dω). Proof : Let T = ∫ Ω Udμ. Concerning (a) we first note that ‖T (x)‖ ≤ ∫ Ω ‖U(·)(x)‖dμ for x ∈ X, since U is strongly measurable. Thus sup{‖T (x)‖ : ‖x‖ = 1,x ∈ W_{k,N} } ≤ ∫ Ω sup{‖U(·)(x)‖ : ‖x‖ = 1,x ∈ W_{k,N} }dμ for all k ∈ IN and finite N ⊂ IN, cf. the proof to Lemma 3. Evidently for S ∈ L(X,Y ), k,l ∈ IN and finite N,M ⊂ IN with l ≤ k and M ⊂ N we have sup{‖S(x)‖ : ‖x‖ = 1,x ∈ W_{k,N} } ≤ sup{‖S(x)‖ : ‖x‖ = 1,x ∈ W_{l,M} }. Consequently, c(T ) = inf_{(k,N)} sup{‖T (x)‖ : ‖x‖ = 1,x ∈ W_{k,N} } ≤ inf_{(k,N)} ∫ Ω sup{‖U(·)(x)‖ : ‖x‖ = 1,x ∈ W_{k,N} }dμ = ∫ Ω inf_{(k,N)} sup{‖U(·)(x)‖ : ‖x‖ = 1,x ∈ W_{k,N} }dμ = ∫ Ω c(U(·))dμ.

To see (b), let A = T (B(X)) ⊂ Y . Since X separable and U is strongly measurable, we find a μ-null set N ⊂ Ω and a separable subspace Y_0 of Y such that {U(ω)x : ω ∈ Ω\N,x ∈ X} ⊂ Y_0. W.l.o.g. we may assume N = ∅ because T is an integral. Now we can apply Corollary 1 to Y_0 and f_n = U(·)(x_n) with (x_n) ⊂ B(X) dense. Therefore Remark 1(a) and Lemma 4(b) yield

c(T ) ≤ β(A) ≤ β_Y0(A) = β_Y0 ({∫ Ω f_n(ω)μ(dω) : n ∈ IN })

≤ ∫ Ω β_Y0(U(ω)(B(X))μ(dω) ≤ 2 ∫ Ω c_Y0(U(ω))μ(dω) = 2 ∫ Ω c(U(ω))μ(dω). For the proof of (c) fix ε ∈ (0,β(A)) and a countable A_0 ⊂ A such that β(A) ≤ 2β(A_0)+ε.

Then A_0 = {T x_n : n ∈ IN} for some (x_n) ⊂ B(X). Choose separable subspaces X_0 ⊂ X, Y_0 ⊂ Y and a μ-null set N ⊂ Ω such that (x_n) ⊂ B(X_0) as well as {U(ω)x : ω ∈ Ω\N,x ∈ X_0} ⊂ Y_0; again we can assume that N = ∅. Now we may proceed analogously to (a) by applying Theorem 1 to Y_0. 2

As already mentioned in the introduction, (b) is-up to a constant-the formula claimed in [26, Proposition 2.2]. This provides us with an easy proof of the following corollary, i.e. of [24, Theorem 1.3].

Corollary 2 Let U : Ω → K(X,Y ) be strongly measurable and bounded. Then the strong integral ∫ Ω Udμ is again compact.

By using Theorem 1, preliminary results of this type may also be obtained for Grothendieck classes G(X) different from K(X). For, let D_∞(X,Y ) resp. BS(X,Y ) denote the Asplund operators resp. the Banach-Saks operators, i.e. the T ∈ L(X,Y ) such that T (B(X)) ⊂ Y is an Asplund set resp. a Banach-Saks set.

Corollary 3 Let X be separable and Y strongly Asplund generated. If U : Ω → D_∞(X,Y ) is strongly measurable and bounded, then ∫ Ω Udμ is again an Asplund-operator.

Proof : Let γ_A denote the Grothendieck measure for G(Y ) = A(Y ). Then we have γ_A(T (B(X))) = γ_A({T x_n : n ∈ IN}), where T = ∫ Ω Udμ and (x_n) ⊂ B(X) is dense. Therefore we may apply Theorem 1 with f_n : Ω → Y defined as f_n(ω) = U(ω)(x_n). 2

The same proof gives

Corollary 4 Let X be separable and Y strongly Banach-Saks generated. If U : Ω → BS(X,Y ) is strongly measurable and bounded, then ∫ Ω Udμ is again a Banach-Saks operator.

Remark 2 (a) The results corresponding to Corollaries 2, 3 or 4 for weakly compact resp. conditionally weakly compact operators are true for all Banach spaces X and Y ; cf. [19].

(b) Generalizations are possible to the case that (Ω,Σ,μ) is not finite, but localizable, and a certain uniform integrability conditions holds. This can be seen analogously to [18].

Sometimes it may be useful to know the formula from Corollary 1 also under relaxed assumptions on X or in the case of an uncountable number of functions.

Theorem 3 Let I be an index set and (f_τ )_{τ∈I} ⊂ L_1(μ,X) bounded and uniformly integrable.

(a) If I is countable and X has property S, then β ({∫ Ω f_τ (ω)μ(dω) : τ ∈ I }) ≤ ∫ Ω β({f_τ (ω) : τ ∈ I})μ(dω). (b) If X has property S, then β ({∫ Ω f_τ (ω)μ(dω) : τ ∈ I }) ≤ 2 · ∫ Ω β({f_τ (ω) : τ ∈ I})μ(dω). (c) If X is arbitrary, then β ({∫ Ω f_τ (ω)μ(dω) : τ ∈ I }) ≤ 4 · ∫ Ω β({f_τ (ω) : τ ∈ I})μ(dω). Proof : The proof may be carried out analogous to the proof of Theorem 2. Note that the factor 2 in (b) is picked up by reducing to the countable case by means of Lemma 4(a). Since X has property S, Lemma 4(c) implies that no additional factor is needed. On the other hand, in (c) we also have to use β_X0(A) ≤ 2β(A) from Lemma 4(b). 2

Theorem 3(a) is (slightly) more general than [15, Proposition 1.6.(i)]. Integral inequalities like Theorem 3(c) are difficult to prove for Grothendieck classes G(X) being different from K(X), at least if X is not supposed to be strongly G(X)-generated. For the demonstration of further results without additional assumptions on X and modified hypothesis on M = {f_τ : τ ∈ I}, the following concept will turn out to be useful.

Definition 6 Let G(X) ⊂ B(X) be a Grothendieck class and M ⊂ L_1(μ,X) bounded. A measurable ϕ : Ω → [0,∞] is called admissible, if for ω ∈ Ω there exists a set G(M,ϕ,ω) ∈ G(X) such that

(a) {f(ω) : f ∈ M} ⊂ G(M,ϕ,ω)+ϕ(ω)B(X) for ω ∈ Ω, where we let ϕ(ω)B(X) = X if ϕ(ω) = ∞; (b) for every f ∈ M there is a measurable T_f : Ω → X with T_f (ω) ∈ G(M,ϕ,ω) and ‖f(ω)− T_f (ω)‖ ≤ ϕ(ω) for ω ∈ Ω.

It may happen that ϕ = ∞ is the only admissible function. This follows from (a) in the simple example X = IR, G(IR) = B(IR), Ω = [0,1], and M = {f_{i,j} : (i,j) ∈ IN×IN,1 ≤ i ≤ j}, where f_{i,j} = j · 1_{[(i−1)/j , i/j]}, since ‖f_{i,j}‖_1 = 1, but sup_{i,j} |f_{i,j}(t)| = ∞ for every t ∈ [0,1].

Note that ϕ_1 ∧ϕ_2 is admissible if ϕ_1 and ϕ_2 are. Since the class of admissible functions is nonempty, we may define γ^0 : Ω → [0,∞] by

γ^0 = inf{ϕ : ϕ is admissible},

where the infimum is taken in the order-lattice of measurable functions as equivalence classes. For notational convenience the dependence of γ^0 on G(X), Ω and M will be supressed exept when we want to emphasize this dependence. By definition, γ^0 is measurable with ∫ Ω γ^0 dμ = inf {∫ Ω ϕdμ : ϕ is admissible } .

Moreover, if γ denotes the Grothendieck measure associated with G(X), we have γ({f(·) : f ∈ M}) ≤ γ^0 a.e. in Ω.

Our next result shows that it is worth to look for conditions that ensure γ({f(·) : f ∈ M}) = γ^0, at least in the special cases G(X) = K(X),G(X) = W(X) resp. G(X) = CW(X) with corresponding Grothendieck measures β,γ_w resp. γ_{cw}.

Theorem 4 Let M ⊂ L_1(μ,X) be bounded and uniformly integrable. If γ = β, γ = γ_w or γ = γ_{cw}, then γ ({∫ Ω f(ω)μ(dω) : f ∈ M }) ≤ ∫ Ω γ^0(ω)μ(dω). Proof : Fix an admissible ϕ : Ω → [0,∞). We may assume ϕ ∈ L_1(μ), since we have to show γ({ ∫ Ω fdμ : f ∈ M}) ≤ ∫ Ω ϕdμ. By definition of an admissible function, {∫ Ω fdμ : f ∈ M } ⊂ {∫ Ω T_f dμ : f ∈ M } + (∫ Ω ϕdμ ) B(X). Therefore it is enough to prove { ∫ Ω T_f dμ : f ∈ M} ∈ G(X). Because of {T_f (ω) : f ∈ M} ⊂ G(M,ϕ,ω) ∈ G(X) for a.a. ω ∈ Ω, it follows that {T_f (ω) : f ∈ M} ∈ G(X) for a.a. ω ∈ Ω. Since {T_f : f ∈ M} ⊂ L_1(μ,X) is bounded and uniformly integrable, we may use [13, Lemma 2.6] for G(X) = K(X) resp. [19, Remark 2.4] for G(X) = W(X) or G(X) = CW(X) to obtain { ∫ Ω T_f dμ : f ∈ M} ∈ G(X) in those cases. 2

Under some circumstances we may prove γ({f(·) : f ∈ M}) = γ^0. The first result of this type shows that Theorem 4 is compatible with Theorem 1.

Lemma 5 Let X be strongly G(X)-generated and γ the corresponding Grothendieck measure. Let M ⊂ L_1(μ,X) be countable, bounded and uniformly integrable. Then φ(·) = γ({f(·) : f ∈ M}) = γ^0.

Proof : From Theorem 1 we know that φ is measurable. To obtain γ^0 ≤ r on A_r = {φ ≤ r} for every r ≥ 0, we fix an ε > 0, a generating set G_0 ∈ G(X) and N ∈ Σ with μ(N) = 0 such that S = {f(ω) : ω ∈ Ω\N,f ∈ M} is separable. It is enough to show that for r ≥ 0 with A_r ≠ ∅ the function ϕ(ω) = r +ε on A_r \N, ϕ(ω) = ∞ on A^c_r ∪N, is admissible. For, by definition of a generating set and by definition of φ we have A_r \N = ⋃ n∈IN A^n with A^n = {ω ∈ A_r \N : M(ω) ⊂ nG_0 +(r +ε/2)B(X)}, where M(ω) = {f(ω) : f ∈ M}, hence a disjoint union A_r \N = ⋃ n∈IN B^n with B^1 = A^1 and B^n = A^n \ n−1⋃ j=1 A^j for n ≥ 2.

Therefore we can choose G(M,ϕ,ω) = nG_0 for ω ∈ B^n and G(M,ϕ,ω) = {0} for ω ∈ A^c_r ∪N. Moreover, to find T_f for f ∈ M fixed, note that

M(B^n) = ⋃ ω∈B^n M(ω) ⊂ S ∩(nG_0 +(r +ε/2)B(X)) for every n ∈ IN. This implies that there exist (x^n_j )_{j∈IN} ⊂ M(B^n) dense and (y^n_j )_{j∈IN} ⊂ G_0 such that ‖x^n_j −ny^n_j ‖ ≤ r +ε/2 for all n,j ∈ IN. If we let C^n_j (f) = {ω ∈ B^n : ‖f(ω)−ny^n_j ‖ ≤ r +ε}, then B^n = ⋃ j∈IN C^n_j (f)

for every n ∈ IN. Hence we have again a disjoint union

B^n = ⋃ j∈IN D^n_j (f) with D^n_1 (f) = C^n_1 (f) and D^n_j (f) = C^n_j (f)\ j−1⋃ i=1 C^n_i (f)

for j ≥ 2. Therefore we can let T_f (ω) = ny^n_j on D^n_j (f) and T_f (ω) = 0 on A^c_r ∪N to see that ϕ is admissible. 2

If the family M is even uniformly measurable, we may also show γ({f(·) : f ∈ M}) = γ^0. To this end let us first recall the concept of uniform measurability.

Definition 7 Let M ⊂ L_1(μ,X) be bounded. M is said to be uniformly measurable, if for all ε > 0 and A ∈ Σ there exists an A_ε ∈ Σ and A_1,...,A_n ⊂ A_ε pairwise disjoint with μ(A\A_ε) < ε and ∪^n_{i=1}A_i = A_ε such that for all i = 1,...,n we may choose ω_i ∈ A_i satisfying sup_{f∈M} ‖f 1_{Aε} − n∑ i=1 f(ω_i)1_{Ai} ‖_∞ < ε. Example 3 M is uniformly measurable if

(a) X is a Schur space and M ⊂ L_∞(μ,X) is relatively weakly compact (cf. [3] resp. [20, Theorem 2.6]) or

(b) Ω is compact and M ⊂ C(Ω,X) is equicontinuous.

Lemma 6 Let M ⊂ L_1(μ,X) be countable, bounded and uniformly measurable. Then γ({f(·) : f ∈ M}) = γ^0.

Proof : Retaining the notation from Lemma 5, we first remark that for given ε > 0 and A ∈ Σ we find G_ε ∈ G(X) and A_ε ∈ Σ such that A_ε ⊂ A, μ(A\A_ε) < ε and M(ω) ⊂ G_ε +(φ(ω)+ ε)B(X) for ω ∈ A_ε. Indeed, we may choose A_ε ∈ Σ, A_i and ω_i according to the definition of uniform measurability. Then M(ω_i) ⊂ G_i +(φ(ω_i)+ε)B(X) for some G_i ∈ G(X). Hence the claim follows with G_ε = ∪^n_{i=1}G_i, since ω ∈ A_i implies φ(ω_i) ≤ φ(ω)+ε. We also can achieve A_ε ⊂ A by replacing A with A∩A_ε if necessary.

Now we may proceed as in the proof to Lemma 5, since for A = A_r = {φ ≤ r} ∈ Σ and fixed ε > 0 we may apply the above remark to all n ∈ IN with n > 1/ε and ε_n = 1/2n to find G^n ∈ G(X) and A^n ⊂ A with μ(A\A^n) < ε_n and M(ω) ⊂ G^n +(r +ε/2)B(X) on A^n, hence

A\N_1 = ⋃ n∈IN {ω ∈ A\N_1 : M(ω) ⊂ G^n +(r +ε/2)B(X)} where N_1 = A\ ⋃ n∈IN A n has μ(N_1) = 0. 2

Therefore from Theorem 4 and Lemma 6 we obtain

Corollary 5 Let M ⊂ L_1(μ,X) be countable, bounded and uniformly measurable. If γ = β, γ = γ_w or γ = γ_{cw}, then γ ({∫ Ω f(ω)μ(dω) : f ∈ M }) ≤ ∫ Ω γ({f(ω) : f ∈ M})μ(dω). Besides giving a new condition under which an integral inequality like Corollary 5 is valid, in the case G(X) = W(X) Theorem 4 may be used to obtain a generalization resp. a simplified proof of a result concerning weak solutions of differential equations in Banach spaces; cf. [17] and Corollary 6 below, and also [8, Lemma 18.3] for a protoype of applying this technique.

Theorem 5 Let b > 0 and f : [0,b]×X → X be weakly continous with sup_{(t,x)∈[0,b]×X} ‖f(t,x)‖ = C < ∞. Suppose that ω : [0,b]×[0,∞) → [0,∞) is a Kamke function, i.e. ω(·,y) is measurable, ω(t,·) is continuous, ω(t,y) ≤ Φ(t) for some integrable Φ, and φ(t) ≤ ∫ t 0 ω(s,φ(s))ds,φ(0) = 0, implies φ(t) = 0 in [0,b]. If (a) X is SWCG and γ_w(f(t,A)) ≤ ω(t,γ_w(A)) for t ∈ [0,b] and bounded A ⊂ X, or (b) for all uniformly Lipschitz continuous sequences (v_n) ⊂ C([0,b],X) and all t ∈ [0,b] we have γ^0_{W(X),Ω,M} (s) ≤ ω(s,γ_w({v_n(s) : n ∈ IN})) a.e. in [0,t], with Ω = [0,t] and M = {f(·,v_n(·)) : n ∈ IN}, then, for every x_0 ∈ X, the initial value x^′ = f(t,x),x(0) = x_0, has a solution (which is understood to be strongly continuous and to have a weak derivative which satisfies the differential equation).

Proof : For every n ∈ IN with n ≥ 1/b and t ∈ [0,b] the Peano approximations

u_n(t) = x_0 : t ∈ [0,1/n] x_0 + ∫ t−1/n 0 f(s,u_n(s))ds : t ∈ [1/n,b] are defined and sup_{n∈IN} ‖u_n(s)−u_n(t)‖ ≤ C ‖s−t‖ for s,t ∈ [0,b]. Hence, to find u ∈ C([0,b],X) with u(t) = x_0 + ∫ t 0 f(s,u(s))ds on [0,b], i.e. a weak solution, we only have to show that φ(t) = γ_w({u_n(t) : n ∈ IN}) = 0 on (0,b] by the “weak” Arzelà-Ascoli theorem. For, fix t ∈ (0,b) and p ∈ IN with p ≥ 1/t. Then Lemma 2 and Theorem 4, applied to G(X) = W(X), Ω = [0,t] and M = {f(·,u_n(·)) : n ≥ p}, yield φ(t) = γ_w({u_n(t) : n ≥ p}) ≤ γ_w ({∫ t−1/n 0 f(s,u_n(s))ds : n ≥ p })

≤ γ_w((C/p)B(X))+γ_w ({∫ t 0 f(s,u_n(s))ds : n ≥ p })

≤ C/p+ ∫ t 0 γ^0_{W(X),Ω,M} (s)ds.

Concerning (a), note that γ^0_{W(X),Ω,M} = γ_w({f(·,u_n(·) : n ≥ p}) by Lemma 5. Hence in both cases (a) or (b) φ(t) ≤ C/p+ ∫ t 0 ω(s,γ_w({u_n(s) : n ≥ p}))ds for all t ∈ (0,b) and p ∈ IN with p ≥ 1/t. Therefore the claim follows from φ(0) = 0, since ω is a Kamke function. 2

An easy consequence of the above theorem is the main result of [17].

Corollary 6 In the setting of Theorem 5, (b) is satisfied in particular, if lim_{h→0}+γ_w(f([t,t+h]×A)) ≤ ω(t,γ_w(A)) (4) for all t ∈ [0,b) and bounded A ⊂ X. Hence, for every x_0 ∈ X, the initial value problem x^′ = f(t,x),x(0) = x_0, has a solution in this case.

Proof : Fix a uniformly Lipschitz continuous sequence (v_n) ⊂ C([0,b],X). Let us go ahead to prove that (4) implies γ^0(s) ≤ ω(s,γ_w(A(s))) for a.a. s ∈ (0,t), as we have to show for (b). Here we defined A(s) = {v_n(s) : n ∈ IN}. Since ω(s,·) is continuous and φ(·) = γ_w(A(·)) is Lipschitz, it is sufficient to verify that for s ∈ (0,t) and all small ε > 0 there exists an h = h(s,ε) > 0 such that γ^0(τ) ≤ ω(s,γ_w(A([s,s+ε])))+ε = r(s,ε)+ε for a.a. τ ∈ [s,s+h], where we let A([s,s+ε]) = {v_n(τ) : τ ∈ [s,s+ε],n ∈ IN}. But this follows almost analogously to the proof of Theorem 5: Because every function in M is measurable, we find N ∈ Σ with μ(N) = 0 such that S = {f(τ,v_n(τ)) : τ ∈ [0,t]\N,n ∈ IN} is separable. Moreover, f([s,s+h]×A([s,s+ε])) ⊂ W +(r(s,ε)+ε/2)B(X) for some h ∈ (0,ε] with s+h ≤ t and W ∈ W(X), by (4). Hence we only have to prove that ϕ(τ) = r(s,ε)+ε on J = [s,s+h]\N, ϕ(τ) = ∞ on [0,t]\J, defines an admissible function. To see this, let G(M,ϕ,τ) = W for τ ∈ J and G(M,ϕ,τ) = {0} for τ ∈ [0,t]\J. If u ∈ M is fixed, then we may choose (x_j) ⊂ u(J) ⊂ S dense, and therefore (w_j) ⊂ W such that ‖x_j −w_j‖ ≤ r(s,ε)+ε/2 for j ∈ IN. Then J = ⋃ j∈IN {τ ∈ J : ‖u(τ)−w_j‖ ≤ r(s,ε)+ε}, and consequently we may define T_u(τ) = w_j on I_j (where (I_j) is the corresponding disjoint partition of J) and T_u(τ) = 0 on [0,t]\J; c.f. the proof to Theorem 5. 2

4 Characterizations of strongly W(X), A(X), or CW(X)- generated Banach spaces

In this section we shall consider SW CG, SAG and SCW G Banach spaces in greater detail. We start by reviewing some positive and negative examples of such spaces.

Example 4 (a) SW CG are all reflexive spaces, all separable Schur spaces, the space of operators of trace class on a separable Hilbert space, L_1(μ) for σ-finite μ, the predual of a σ-finite v. Neumann algebra, the weakly sequentially complete Azimi-Hagler space X_0 from [4], H_1, L_1/H_1; cf. [22].

Not SW CG are all spaces that are not weakly sequentially complete, the Batt-Hiermeyer space BH from [5], certain vector-valued Lorentz sequence spaces; cf. [22] and [27].

(b) SAG are all Asplund spaces, all SW CG-spaces, ℓ_1- sums of SAG-spaces (this may be proved analogous to [22, Proposition 1.2.]).

Not SAG are all weak sequentially complete spaces which are not SW CG, like the BHspace or ℓ_2(ℓ_1), furthermore C([0,1]) (since ℓ_2(ℓ_1) embeds into C([0,1]) isometrically, cf. [9, p.36]), the James tree JT , the James-Hagler space JH from [10] (proof analogous to [22, Example 2.6.]), ℓ_∞.

(c) SCW G are all spaces not containing ℓ_1 like c_0, JT , JH, all SAG-spaces, ℓ_1-sum of SCW G-spaces.

Not SCW G are all weakly sequentially complete spaces which are not SW CG, c_0(ℓ_1) (according to Theorem 9 below), C([0,1]) (since c_0(ℓ_1) embeds isometrically into C([0,1])), ℓ_∞.

In the following characterization of SW CG-spaces we denote by τ_W the dual Mackeytopology, i.e. the locally convex topology on X^∗ which is generated by the polars of the weakly compact sets in X; cf. [12, p.262 (2)].

Theorem 6 For a Banach space X there are equivalent (a) X is SW CG; (b) ∃ R reflexive ∃ T_0 ∈ L(R,X) ∀ T ∈ W (ℓ_1,X) ∀ ε > 0 ∃ T_ε ∈ L(ℓ_1,R) : ‖T −T_0 ∘T_ε‖ < ε; (c) (B(X^∗),τ_W ) is metrizable.

Proof : The equivalence of (a) and (c) is from [22, Thm.2.1]. To prove that (a) implies (b), let K_0 ⊂ X be an absolutely convex and relatively weakly compact set according to Definition 2. Let R = X_C, where X_C ⊂ X as a set, X_C is reflexive and K_0 ⊂ C = B(X_C ). The space X_C is constructed according to the scheme of Davis et al. (cf. [9, Lemma 3, p.227]), and the inclusion T_0 = ı : X_C → X is continuous. If T ∈ W (ℓ_1,X) and ε > 0 are given, then we find m ∈ IN such that T (B(ℓ_1)) ⊂ mK_0 +ε/2B(X), hence a sequence (x_n) ⊂ K_0 with ‖T e_n −mx_n‖ ≤ ε/2 for all n ∈ IN. Consequently, we can take T_ε : ℓ_1 → X_C, e_n → mx_n.

If (b) holds, then K_0 = T_0(B(R)) ⊂ X is absolutely convex and weakly compact. Suppose that K_0 is not a generating set. Then we would find a relatively weakly compact K ⊂ X, a sequence (x_n) ⊂ K and ε > 0 with x_n ∉ nK_0 +εB(X) for all n ∈ IN. Therefore we may define T ∈ W (ℓ_1,X) by e_n → x_n, and since K_0 is absolutely convex we have z_n = (T_0 ∘T_ε)(e_n/n) ∈ K_0 for n ≥ ‖T_ε‖ with T_ε from (b). But this implies ‖x_n −nz_n‖ < ε for n big enough, a contradiction. 2

Similar to the Mackey topology, on X^∗ the locally convex topologies τ_A and τ_{CW} may be defined which are generated by the polars of Asplund resp. conditional weakly compact sets in X. Then, since weakly compact ⇒ Asplund ⇒ conditionally weakly compact, one has τ_W ⊂ τ_A ⊂ τ_{CW} ⊂ ‖·‖ on X^∗. By using [7, Lemma 5.3.4] resp. [9, p.237, Ex. 2], both following theorems can be proved in an analogous way to the previous one.

Theorem 7 For a Banach space X there are equivalent

(a) X is SAG;

(b) ∃ Asplund space Z ∃ T_0 ∈ L(Z,X) ∀ T ∈ D_∞(ℓ_1,X) ∀ ε > 0 ∃ T_ε ∈ L(X,Z) : ‖T −T_0 ∘ T_ε‖ < ε; (c) (B(X^∗),τ_A) is metrizable.

Theorem 8 For a Banach space X there are equivalent (a) X is SCW G; (b) ∃ Z not containing ℓ_1 ∃ T_0 ∈ L(Z,X) ∀ T ∈ CW (ℓ_1,X) ∀ ε > 0 ∃ T_ε ∈ L(X,Z) : ‖T − T_0 ∘T_ε‖ < ε; (c) (B(X^∗),τ_{CW} ) is metrizable.

The result corresponding to the following one for SW CG-spaces is [23, Thm.5.10].

Theorem 9 If (X_n)_{n∈IN} is a sequence of SAG-spaces (resp. SCW G-spaces), then c_0(X_n) and ℓ_p(X_n) for 1 < p < ∞ are again SAG-spaces (resp. SCW G-spaces) if and only if all but finitely many of the X_n are Asplund spaces (resp. Banach spaces not containing a copy of ℓ_1).

Proof : Since the SCW G-case may be proved like the SAG-case and the arguments are mainly the same for ℓ_p(X_n), we consider X = c_0(X_n) and assume that X is SAG, but X_n is not an Asplund space for infinitely many n ∈ T , where T ⊂ IN is a subsequence. Choose an absolutely convex generating K_0 ⊂ X and let K_n = pr_n(K_0) ⊂ X_n for n ∈ IN, where pr_n is the projection on the n-th coordinate. Then K_n is Asplund. Moreover, for fixed n ∈ T it is impossible that B(X_n) ⊂ nK_n +^1_2 B(X_n), since this would imply 2^{−m}B(X_n) ⊂ n2^{−m}K_n +2^{−(m+1)}B(X_n) for all m ∈ IN, hence inductively B(X_n) ⊂ ⋂ m∈IN (A_m +2^{−m}B(X_n))

with Asplund sets A_m = 2(1−2^{−m})nK_n ⊂ X_n. Because B(X_n) in not an Asplund set, this contradicts [7, Lemma 5.3.4]. Therefore we find x_n ∉ nK_n +^1_2 B(X_n) for all n ∈ T . Now let L = {(δ_{ni}x_n)_{i∈IN} : n ∈ T } ⊂ X. Since X^∗ = ℓ_1(X^∗_n), the set L ⊂ X is relatively weakly compact, and hence Asplund. Consequently, there is m ∈ IN such that L ⊂ mK_0 +^1_2 B(X). But this implies x_n ∈ mK_n +^1_2 B(X_n) for all n ∈ T , a contradiction for n ∈ T with n ≥ m. Since sufficiency is straightforward, the proof is complete. 2

References

[1] Akhmerov R.R., Kamenskii M.I., Potapov A.S., Rodkina A.E. & Sadovskii B.N.: Measures of Noncompactness and Condensing Operators. Birkhäuser, Basel- Boston-Berlin 1992

[2] Amir D. & Lindenstrauss J.: The structure of weakly compact sets in Banach spaces. Ann. of Math. 88 (1968), 34-46

[3] Andrews K.T. & Uhl J.J.: On weak compactness in L_∞(μ,X). Ind. Math. J. 30 (1981), 907-915

[4] Azimi P. & Hagler J.N.: Examples of hereditarily ℓ_1 Banach spaces failing the Schur property. Pac. J. of Math. 122 (1986), 287-297

[5] Batt J. & Hiermeyer W.: On compactness in L_p(μ,X) in the weak topology and in the topology σ(L_p(μ,X),L_q(μ,X^∗)). Math. Z. 182 (1983), 409-432

[6] De Blasi F.: On a property of the unit sphere in a Banach space.

Bull. Math. Soc. Sci. Math. R. S. Roumanie 21 (1977), 259-262

[7] Bourgin R.: Geometric aspects of convex sets with the Radon-Nikodym Property.

LNM 993, Springer, Berlin-Heidelberg-New York-Tokyo 1983

[8] Deimling K.: Nonlinear Functional Analysis. Springer, Berlin-Heidelberg-New York- Tokyo 1985

[9] Diestel J.: Sequences and Series in Banach Spaces, Springer, Berlin-Heidelberg-New York-Tokyo 1984

[10] Hagler J.N.: A counterexample to several questions about Banach spaces. Studia Math. 60 (1977), 289-307

[11] Heinz H.P.: On the behaviour of measures of noncompactness with respect to differentiation and integration of vector-valued functions. Nonlinear Anal. 7 (1983), 1351-1371

[12] Köthe G.: Topologische Vektorräume. Springer, Berlin-Heidelberg-New York-Tokyo 1966

[13] Kunze M.: Contributions to the Theory of Semicondensing Vector Fields in Banach Spaces with an Application to a Free Boundary Problem Arising in Plasma Physics. Ph. D. Thesis, München 1994

[14] Lebow A. & Schechter M.: Semigroups of operators and measure of noncompactness. J. Funct. Anal. 7 (1971), 1-26

[15] Mönch H.: Boundary value problems for nonlinear ordinary differential equations of second order in Banach spaces. Nonlinear Anal. 4 (1980), 985-999

[16] Mönch H. & von Harten G.F.: On the Cauchy problem for ordinary differential equations in Banach spaces. Arch. Math. 39 (1982), 153-160

[17] Papageorgiou N.S.: Weak solutions of differential equations in Banach spaces.

Bull. Aust. Math. Soc. 33 (1986), 407-418 [18] Schlüchtermann G.: Renorming in the space of Bochner integrable functions L_1(μ,X). Manus. Math. 73 (1991), 397-409 [19] Schlüchtermann G.: On weakly compact operators. Math. Ann. 292 (1992), 263- 266 [20] Schlüchtermann G.: Weak Compactness in L_∞(μ,X). J. Funct.Anal. 125 (1994), 379-388 [21] Schlüchtermann G.: Perturbation of linear semigroups. Submitted 1995 [22] Schlüchtermann G. & Wheeler R.F.: On strongly WCG Banach Spaces.

Math. Z. 199 (1988), 387-398 [23] Schlüchtermann G. & Wheeler R.F.: The Mackey Dual of a Banach Space. Note di Math. XI (1991), 273-287 [24] Voigt J.: On the convex compactness property for the strong operator topology. Note di Math. XII (1992), 259-269 [25] Voigt J.: Stability of the essential type of strongly continuous semigroups. Submitted 1992 [26] Weis L.: A generalization of the Vidav-Jörgens perturbation theorem for semigroups and its application to transport theory. J. of Math. Anal. Appl. 129 (1988), 6-23 [27] Wheeler R.F. & Zhang W.: The Banach space-valued Lorentz sequence spaces and strongly WCG spaces. Unpublished manuscript 1992 [28] Zeidler E.: Nonlinear Functional Analysis and its Applications I: Fixed-Point Theorems. 2nd printing, Springer, Berlin-Heidelberg-New York-Tokyo 1993